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1 Introduction 



r ) . The purpose of this paper is to prove the following theorem: 



Theorem 1 Let A be an excellent (in fact J — 2) ring and let N C M be two finitely generated 
A-modules such that dmi{M/N) < 1. Then there exists an integer s > I such that, for all integers 
n > s and for all ideals I of A, 

ru c^N = r-^rM n n) . 



shows [Wi|). Moreover it provides a partial positive answer to the question raised by Huneke in 



Conjecture 1.3 jHi 



K*" I This result is a variation of a theorem of Duncan and O'CarroU [ DO |: maximal ideals are 

^2^ ' replaced for any ideal using the unavoidable hypothesis dim(A//A^) < 1 (as an Example of Wang 

(N 

O. 

^\ , We begin by recalling what is called uniform Artin-Rees properties. Let A be a noetherian ring, 

^1* I / be an ideal of A and let N C M be two finitely generated ^-modules. The usual Artin-Rees lemma 

r^ ' states that there exists an integer s > 1, depending on N, M and /, such that for all n > s, 

g; rMnN ^ r-'{rMnN). 
> 



In particular, /"A/ n A^ C /" '^N. As in [Hi], let us say the pair {N,M) has the (strong) uniform 



^\f ' Artin-Rees property with respect to a set of ideals W of ^4 and with (strong) uniform number s (s 

C^ ■ depending on (N, M; W)) if, for every ideal / of W and for aU n>s, (r'M n A = r'-''(I'M n A)) 

/"M n A C P'-^'^N. Clearly, if s is a (strong) uniform number for (A^, M, W) and t > s, then t is 
also a (strong) uniform number for (A, M, W). The minimum of all such (strong) uniform numbers 
will be denoted by s = s(N, M, W) and caU it "the" (strong) uniform number for (A^, M, W). If W 
is the set of all ideals of A, we delete the phrase "with respect to W and simply write s = s(N, M). 



Eisenbud and Hochster | EH | ask whether a pair ( A^, M) has the uniform Artin-Rees property 
with respect to the set of maximal ideals of A. O'CarroU |Oj| proves that if A is excellent then 
A has the uniform Artin-Rees property with respect to the set of maximal ideals and Duncan and 



O'CarroU |DO| generalize this result to the strong uniform Artin-Rees property. Later, O'CarroU 



O2 ] shows the strong uniform Artin-Rees property with respect to the set of principal ideals of a 



noetherian ring A. Nevertheless, the strong uniform Artin-Rees property cannot hold for the class 



of all ideals of A. Indeed, Wang | Wi shows that if (^,m) is a 3-dimensional regular local ring. 
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m = {x,y, z), Ik = [x^ tIJ^ tX^ ^y + z^) and J = (z), then there does not exist an s > 1 such that, 
for all n > s and for all A: > 1, /^ n J = /^"'(/^ n J). Remark that dim(yl/J) = 2. Thus, in this 
sense. Theorem n^ is not improvable. 



On the other hand Huneke [Hi] shows the uniform Artin-Rees property with respect to the class 
of all ideals of a noetherian ring A if A is either essentially of finite type over a noetherian local ring, 
either a ring of characteristic p and a module finite over A^ or either essentially of finite type over 
Z. In the same paper Huneke conjectures that this theorem remains true for excellent noetherian 
rings of finite KruU dimension. Thus Theorem ^ gives a partial positive answer to this conjecture. 



Since strong uniform Artin-Rees property is not true in general, Huneke [H2I asks for classes 
of ideals where strong uniform Artin-Rees property holds. If A is regular local, J is an ideal of A, 
does there exist an s > 1 such that, for all n > s and for all ideal I oi A whose image in A/ J is 
generated by a system of parameters, /" fl J = /"-«(/« n J) ? In fact, Lai [Q proves that this 
property is equivalent to the Relation- Type Conjecture, stated by Huneke, and proved by Wang 



W2I for rings with finite local cohomology. The relation type of an ideal /, rt(/), is the largest 
degree of any minimal homogeneous system of generators of the ideal defining the Rees algebra of /. 
The Relation- Type Conjecture asks whether there is an integer s > 1 such that, for all parameter 
ideal / of a complete local equidimensional noetherian ring A, the relation type of / is rt(/) < s. 

In order to prove Theorem |l| we generalise this relationship between the strong uniform Artin- 
Rees property and the existence of uniform bounds for the relation type. First we define rt(/; Af), 
the relation type of an ideal / with repect to an A- module M (Section g). Then we consider 
grt(M) = sup{rt(/; M) | /ideal oi A}, the supremum (possibly infinite) of all relation types of ideals 
I oi A with respect to M, and call it the global relation type oi the ^-module M. We prove: 

Theorem 2 Let A be a commutative ring, W a set of ideals of A, / G W and N C M two A- 
modules. Let s(A^, M;VV) denote the strong uniform number for the pair (N^M) with respect to 
W. Then s{N, M; {/}) < rt(/; M/N) < max(rt(/; M), s{N, M; {/})). In particular, s{N, M; W) < 
sup{rt(J; M/N) \ J e W} and s{N, M) < grt(Af/7V). 

We thus ask for whether a module has finite global relation type. A very special is already 
known: for a commutative (non necessarily noetherian local) domain A, grt(A) = 1 is equivalent to 
A be a ring of Priifer |Cos| and, more in general, commutative rings with grt(yl.) ~ 1 are known to 



be the rings of weak dimension one or less |Pi|. Thus, for a noetherian local ring A, grt(A) = 1 if 
and only if A is a discrete valuation ring or a field. 

Our guide here is the following celebrated theorem of Cohen and Sally |Coh|, |S|: for a commu- 



tative noetherian local ring {A, m, k), siip{p,{I) \ I ideal of A} < 00 is equivalent to dimension of A 
be dim j4 < 1, where fi{I) — dimfe(//Tn/) stands for the minimum number of generators of /. Then, 
we show the expected analoguos result by replacing /i(/) for the relation type rt(/) of /. Concretely: 

Theorem 3 Let A be an excellent (in fact J — 2) ring. The following conditions are equivalent: 

[i) grt(M) < 00 for all finitely generated A-module M . 

(ii) grt{A) < 00. 

(Hi) There exists an r > 1 such that rt(/) < r for every three-generated ideal I of A. 

(iv) There exists an r > 1 such that (x'^yY G {x^'^^ ,y^^^){x'^^^ ,y^^^ .x'^yY^^ for all x,y ^ A. 

{v) dimA < 1. 



The paper is organized as follows. Section g is dedicated to recall some definitions and properties 
on the module of effective relations of a graded algebra. In order to prove Theorem 2, we need to 
generalize them from graded algebras to graded modules. Once introduced all the machinery, we 
prove Theorem 2 in Section ]^. In Section ^ we prove that rings of finite global relation type have 
dimension one or less and in Section we show that zero dimensional modules over noetherian 
rings have finite global relation type. This is half of the proof in Theorem 3. In Section g, we first 
consider the local case and reduce to Cohen-Macaulay modules. Then we give a new proof, now 
for modules, of a well known result for rings (see, for instance, P2)): if I is an m-primary ideal of 
a one dimensional Cohen-Macaulay local ring A and M is a maximal Cohen-Macaulay A-module, 
then rt(/; Af) < e{A), the relation type of / with respect M is bounded above by the multiplicity 
of A. We conclude that one dimensional finitely generated modules over noetherian local rings have 
finite global relation type. Section ^ finishes with all proofs. Throughout, A denotes a commutative 
ring with unity. All tensor products are over A unless specified the contrary. Dimension of a ring or 
module always mean KruU dimension. One of the main tools in this note is the module of effective 
relations of a graded algebra or module. In order to recall some of their general properties we will 



often refer to [P2 



2 Preliminaries 

Let A be a commutative ring. By a standard A-algebra we mean a commutative graded A-algebra 
U = (Bn>QUn with Uq = A and such that U is generated as an A-algebra by the elements of Ui. Put 
[/+ = (Bn>oUn the irrelevant ideal of U. 

li E = ®n>oEn is a graded {/-module and r > is an integer, we denote by Fr{E) the submodule 
of E generated by the elements of degree at most r. Put (possibly infinite) s{E) = min{r > 
1 I En — for all ri > r + 1}. Remark that we are only interested for s{E) > 1. Since for all 
n > 1, {E/U+E)n = En/UiEn-i, then for all r > 1, the following three conditions are equivalent: 
Fr{E) = E; s{E/U+E) < r; and E^ = UiE^-i for aU n > r + 1. 

If / : F — > [/ is a surjective graded morphism of standard v4-algebras, we denote by E{f) the 
graded A-module E{f) — ker//V+ker/ — 0ri>iker/„/yiker/„_i = (Bn>iE{f)n- The following is an 



elementary but very useful fact (Lemma 2.1 IP2I): if / : F ^ C/ and g : W ^ V are two surjective 
graded morphisms of standard A-algebras, then there exists a graded exact sequence of A-modules 
Eig) ^ Eifog) ^ E{f) ^ 0. In particular, s(^(/)) < s{E{f o g)) < max(s(^(/)), s(£;(5))). 
Moreover, if V and W are two symmetric algebras, then E{g)n — and E{f o g)^ — E{f)n for all 
n>2. 

Let f/ be a standard A-algebra, let S(f/i) be the symmetric algebra of Ui and let a : S{Ui) -^ U he 
the surjective graded morphism of standard A-algebras induced by the identity on Ui. The module 
of effective n-relations of U is defined to be E{U)n — E{a)n — kera„/C/ikera„_i (for n = 0, 1, 
E{U)n = 0). Put E{U) = ®n>2E{U)n = ®n>2E{a)n = E{a) = kera/S+(C/i)kera. The relation 
type of U is defined to be rt([/) = s{E{U)), that is, rt([/) is the minimum positive integer r > 1 
such that the effective n-relations are zero for all n > r + 1 . 

A symmetric presentation of [/ is a surjective graded morphism of standard A-algebras f : V ^ 
U, where V = S(14) is the symmetric A-algebra of the j4-module Vi (for instance, Vi — Ui and 



/i = 1, or fi : Vi -^ Ui a. free presentation of Ui). Using Lemma 2.1 in IP2I one deduces that 
E{U)n — E{f)n for all n > 2 and s{E{U)) — s{E{f)). Thus the module of effective n-relations and 
the relation type of a standard A-algebra are independent of the chosen symmetric presentation. 



For an ideal I of A, the module of effective n-relations and the relation type of / are defined to 
be E{I)„ = E{n{I))n and rt(J) = rt(7^(/)), where 7^(/) = ©„>o/"t" C A[t] is the Rees algebra of 
I. If rt(/) < oo (for instance, if ^ is noetherian), then rt(/) = rt(^(/)), where 0(1) = ©ns-o/"//""^^ 
is the associated graded ring of I (Proposition 3.3 



Let us now extend the classical notion of relation type of an ideal to the relation type of an ideal 
with respect to a module. Some of the results we present here are a straightforward generalization 
of former results. We thus will skip some details. 

Definition 2.1 Let U = (Bn>oUn be a standard ^-algebra and F — ©„>o^n a graded t/-module. 
We will say F is a standard ^/-module if F is generated as an [/-module by the elements of Fq, that 
is, Fn = UnFo for all n > 0. In particular, F„ = [/iF„_i for all n > 1. 

Examples 2.2 Some of the most interesting standard modules for our purposes are the following: 

(1) If C/ is a standard A-algebra and M is an j4-module, then U (E) M is a. standard [/-module 
(M in degree zero). If Ui = A®" is a finitely generated free A-module and U = S(C/i) is the 
symmetric algebra of Ui, then [/ ® Af = A[ri, . . . , T„] (g) M = M[Ti, . . . , T„]. 

(2) TZ{I]M) — (Bn>oI"' M , the Rees module of an ideal I of A with respect to an A-module M, is 
a standard 7?.(/)-module. 

(3) Q{I]M) = ©„>o/"M/J""'"^M, the associated graded module of an ideal I of A with respect to 
an A-module M, is a standard 5(J)-module. 

Let U = (Bn>oUn be a standard A-algebra and F — (Bn>oFn, G = ©n>oG„ be two graded 
[/-modules. If (/? : G — > i^ is a surjective graded morphism of [/-modules, we denote by E{(p) the 
graded ^-module E{lp) — 'kenp/U+kevLp — keiipo © (©„>iker(/j„/[/iker(^„_i) — (Bn>oE{ip)n. The 



following is a generalization of Lemma 2.1 in IP2] 



Lemma 2.3 If ip : G ~f F and ip : H —t G are two surjective graded morphisms of graded U- 
modules, then there exists a graded exact sequence E{'il>) —> E{Lp o %p) -^ E{ip) — > 0/ A-modules. 
In particular, s{E{ip)) < s{E{ip o ijj)) < max(s(_B((^)), s(E{'ip))). Moreover, if H — S(P) ® Q is the 
tensor product of the symmetric algebra of the A-module P with the A-module Q, G = S(M) ® N is 
the tensor product of the symmetric algebra of the A-module M with the A-module N and ip — f ®h 
where f : S(P) — > S(M) is induced by an epimorphism /i : P — > Af and h : Q —^ N is also surjective, 
then E{^p)n — and E{ip o jp),^ — E{ip)n for all n > 2. 



Proof. To deduce the existence of the exact sequence we proceed as in Lemma 2.1 in IP2]. For the 
second assertion, consider the following commutative diagram of exact rows: 

1 (g) ■0„_2 

A2(C/i) (S) S„_2(P) Q-^A2((7i) (S) S„-2(M) (g) TV— ^ 



dlr. ® !<; 



a|i ® In 



1 (g)-0„_l 

l/i (^keri/)„_i >- C/i ® S„_i{P)(g)Q >- Ui ^Sn-i{M) ® N ■ 



Sfn ® k 



^li ® liv 



kerV'n ^ S„(P)®Q SniM)^N- 



where 9|^„((a; Ay) ® z) = y®xz — x®yz and di„^{x®t) = xt, x,y G Ui, z £ S„_2(^), t 6 S„_i(P) 
{d^ defined analogously). By Theorem 2.4 in IP2I, the right and middle columns are exact sequences 



for all n > 2 and, by the snake lemma, ker(9^„ ® Ig) -^ ker(9*^j Ijv) -^ E{'ip)n — > are exact for 
all n > 2. Since 1 ipn-2 is surjective, E{^)n = for all n > 2. | 

Definition 2.4 Let f7 be a standard A-algebra and i^ be a standard ^/-module. Let S{Ui) be the 
symmetric algebra of Ui and let a : S(Ui) —>■ U he the surjective graded morphism of standard A- 
algebras induced by the identity on Ui. Let 7 : S(C/i)(g)Fo -^ U(E>Fq -^ Fhe the composition of a®l 
with the structural morphism. Since F is a standard U-moduie, 7 is a surjective graded morphism of 
graded S(C/i)-modules. The module of effective n-relations of F is defined to be E{F)n — ^(7)71 — 
ker7„/C/iker7„_i (for n = 0, F(F)„ = 0). Put E{F) = (Bn>iE{F)n = ©„>i-B(7)n = ^(7) = 
ker7/S+([/i)kcr7. The relation type of F is defined to be rt(F) = s{E{F)), that is, it{F) is the 
minimum positive integer r > 1 such that the effective n-relations are zero for all n > r + 1. 

A symmetric presentation of a standard [/-module F is a surjective graded morphism of standard 
F-modules (p : G ^ F, with (p : G = V iSi M -^ U iSi Fq ^ F where f : V ^ U is a, symmetric 
presentation of the standard A-algebra U, h : M ^ Fq is an epimorphism of A-modules and 



U ® Fq ^ F is the structural morphism. Using Lemma 2_^, one deduces that E{F)n = E{ip)n for 
all n > 2 and s{E{F)) = s{E{ip)). Thus the module of effective n-relations and the relation type of 
a standard [/-module are independent of the chosen symmetric presentation. 

For an ideal I oi A and an A-module M, the module of effective n-relations and the relation type 
of / with repect to M are defined to be F(/; Af)„ = E{n{F, Af))„ and rt(/; M) = rt(7^(/; M)). 

Remark 2.5 The following are simple, but useful remarks: 

(1) If U is a standard A-algebra, then [/ is a standard [/-module. Moreover the modules of 
effective n-relations of [/ as a standard A-algebra and as a standard [/-module are equal 
FA-alg{U)n = £';7-mod(f^)n.- Thus rt^_aig([/) = T^iu-modiU). In particular, if / is an ideal of A, 
then E{I;A)n = E{I)n and rt(/; A) = rt(/). 

(2) If / : V^ — > [/ is a surjective graded morphism of standard A-algebras and F is a standard U- 
module, then F is a standard F-module. Moreover F[/_inod(^)n — -E'y-mod(-^)n for all n > 2 
and Ttu-mod{F) = i:W-raod{F). 

(3) li Lp : R ^t A is a surjective homomorphism of rings, U is standard A-algebra and F is a 
standard [/-module, then V = R®U+ is a. standard i?-algebra and F is a standard V^-module. 
Moreover F([/)„ = E{V)n for aU n > 2 and rt([/) = rt(V'). Analogously Ejj_^aod{F)n = 
Fv-raoA{F)n for aU n > 2 and ^tu-niod{F) = rty_mod(^)- 

(4) If (y9 : G -^ F is a surjective graded morphism of standard [/-modules such that keriy9„ — for 
ah n > t, then E{G)n = F(F)„ for aU n > t + 1 and rt(G') < max(rt(F), t). If f = 1, then 
rt(G) = rt(F). For instance, if / and J are two ideals of A, rt(/// n J) = rt((/ + J)/ J). 

(5) Let F be a standard [/-module, x_ = {xi] a (possibly infinite) set of generators of the A-module 
[/i and T = {Ti\ a set of as many variables over A as x has elements. Take Vi = ©^ATi, 
V = S{Vi) = A[Tl G = V ®Fo = Fo[T] and (^ : G -> F defined by ^{Y.y^Ti) = Y.x^y^■ 
Clearly (^ is a symmetric presentation of F. Thus, rt(F) = 1 if and only if kert/? is generated by 
linear forms. If / = (x) is an ideal of A and M is an A-module, then rt(/; M) = 1 if and only 



if the kernel of the surjective graded morphism Lp : M\T\ -^ 7^(/; M), ipi^ IJiTi) = X] Xiyt, is 
generated by linear forms. We say / is an ideal of linear type with respect to M if rt(/; M) = 1 



(|HSV| pag 106, |rilpag41) 



Proof. (1) follows from definitions. (2) is consequence of Lemma 2.3. For the proof of (3), consider 
av '■ S^{Ui) — > V surjective graded morphism of standard i?-algebras, au ■ S^{Ui) — > U surjective 
graded morphism of standad A-algebras, / : F — > C/ and g : S^([/i) — > S^{Ui) the natural surjective 
graded morphisms extending (p. Since foay — OLu°g and /„ and gn are isomorphisms for all n > 1, 
then E{V)n — E{av)n = E{f o a)„ = E{au)n — E{U)n- For the rest of (3) is sufficient to apply 
the tensor product — ® Fq. In order to prove (4), let V : -^ ^ G be a symmetric presentation of G. 
By hypothesis, ker?/j„ = ker((y9 o ■;/;)„ for all n > t. Hence E{G)n = E{ip)„ = E{(p o ^/i)„ = E{F)n for 
&\\n>t + l. If n > t + l,vi{F) + 1, then E{G)n = E{F)n = 0. Thus rt(G') < max(rt(F), t). Take 
G = T^{I/I n J), F = TZ{{I + J)/ J) and (p : G ^ F the natural surjective graded morphism with 
(fio : A/lnJ -^ A/ J and ipn : (/" + /n J)/(/n J) ^ {I" + J)/J isomorphism for aU n > 1. Applying 
consecutively (1), (4), (3) and (1), ^A//nj-alg(G)„ = ^G-mod(G)„ = ^G-mod(^)n = E^/j-a\g{F)n- 
Finally, (5) follows from definitions. | 



Let us now modify Theorem 2.4 in IP2] to modules 



Proposition 2.6 Let U be a standard A-algebra and let F he a standard U -module. For each integer 
n>2, there exists a complex of A-modules 

defined by d2,n{{x f\y) ® z) — y ® xz — x ® yz and 9i.„(a; ®t) — xt and whose homology is E{F)n. 

Proof. By Theorem 2.4, there exists A2(C/i) — > [/i f/i ^ C/2 ^ 0, a complex of A-modules defined 
by d2{xAy) = y®x — x®y and di{x®t) — xt. Applying the tensor product —®Fn-2 and considering 
the structural morphisms Ui ® Fj — > Fi+j we get the complex. Let S([/i) be the symmetric algebra 
of Ui and let a : S{Ui) -^ U he the surjective graded morphism of standard A-algebras induced 
by the identity on Ui. Let 7 : S([/i) ® Fq -^ U ® Fq ^ F he the composition of a 1 with the 
structural morphism. Consider now, for each n > 2, the following commutative diagram of exact 
rows: 

A2(C/l)lX)S„_2(C/l)®Fo <- A2{Ul)^Fn-2 



dL ® Ifo 



"2,n 



Ui ® ker7„ 



ker7n 



l<Xl7n-l 

Ui^Sn-i{Ui)(S)Fo t/i®F„_i 



9f,n ® IFo 
^ Sn{Ul)(^Fo 



9r,. 



By Theorem 2.4 in ^J , the middle column is exact. Thus ker((9f^„ ® Ifq) = ™(i9^n ® ^Fq)- Hence, 
(1 (g) 7„_i)(ker(9f_„ (g) 1^;,)) = im((l (g) 7„_i) o (i9|„ (g 1^^)) = im(i9£„). Using the snake lemma, we 
conclude that E{F)n — ker(9£„)/im(9£„). | 



Remark 2.7 As a corollary of Proposition 2.6 we have (see also 3.1, 3.2 and 3.3 in |P 



(1) Let U he a cyclic standard A-algebra generated by a degree one form x £ Ui. If F is a standard 
[/-module, then E{F)n = (0 : x) n F„_i and rt(i^) = min{r > 1 | (0 :f 2;"^+^) = (0 :f a;'')}. 
If [/ = TZ{I) is the Rees algebra of a principal ideal / = (x) of A and F = TZ{I; M) is 
the Rees module of / with respect to a module M, then E{I\M) — {0 : x) r\ r''~^M and 
rt(/;M) = min{r > 1 | (0 -.m x'^+^) = (0 -.m x"^)}. 

(2) li ip : A ^ B IS a. homomorphism of rings, U is standard yl-algebra and i^ is a standard 
[/-module, then [/ _B is a standard i?-algebra and F (^ B is a. standard U ® i?-module. 
Moreover rtc/^s-modl-F" ® S) < rtu-mod{F)- If V is flat, Eut^B-mod{F <» B) = -B[/_mod (-F") ® B. 
In particular, rt(F) = sup{rt(Fp) | p G Spec(A)} = sup{rt(Fm) | m £ Max(A)}. 

(3) If [/ is a standard A-algebra, i^ is a standard [/-module and J C AnnA{Fo) , then [/ (g) A/ J 
is a standard A/J-algebra, F ® A/ J = F is a standard [/ A/J-module, F[;_njo(j(F)„ = 

-^C/8A/J-mod(-P')n and rtj/.jnodl-P") = rtf/gyl/J-modl-P")- 

(4) If rt(/; M) < 00 (for instance, if A is noetherian and M is a finitely generated A-module), 
then rt(/; M) = rt(t/(/; M)). In particular, if J C /, then rt(7e(/; M) (g) A/ J) = rt(/; M). 

3 Proof of Theorem 2 

Definition 3.1 Let grt(Af ) = sup{rt(/; M) \ I ideal of A} denote the supremum (possibly infinite) 
of all relation types of ideals / of A with respect to the A-module M, and let us call it the global 
relation type of M . Remark that: 

(1) If M — A, grt{A) = sup{rt(/) | / ideal of A}. We will prove that for an excellent ring A, 
grt(A) < c« is equivalent to dim A < 1. 

(2) Since rt(/;M) = sup{rt(/p; Mp) | p e Spec(A)} = sup{rt(/m; M,,,) | m G Max(A)}, then 
grt(M) = sup{grt(Mp) | p G Spec(A)} = sup{grt(Mm) | m G Max(A)}. 

(3) If necessary to specify, we will write grt(M) = grt^(M) when considering M an A- module. 
For instance, if J C AnnA(M) = {x € A \ xM = 0}, then n{{I + J)/ J; M) = n{I\ M). Thus 
rt(/; M) = rt((/ + J)/ J- M) and grt^(M) = grt^/.;(A/). 

Theorem 2 Let A be a commutative ring, W a set of ideals o/ A, / G W and N <Z M two A- 
modules. Let s(A^, M;W) denote the strong uniform number for the pair {N,M) with respect to 
yy. Then s{N, M; {/}) < rt(/; M/N) < max(rt(/; A/), s{N, M; {/})). In particular, s{N, M; W) < 
sup{rt(J; M/N) | J G >V} and s{N, M) < grt(Af//V). 

Proof Let F = 71(1; M/N), G = 71(1; M), H = S(/) ® M, ip : G -> F the surjective graded 
morphism of standard S(/)-algebras defined by ifn ■ G„ = /"Af -^ I'^M/I'^MnN = L'^M + N/N = 



Fn and ^ : H —> G induced by the natural graded morphism a : S(/) —>■ 7^(1). By Lemma 2.3, 
s{E{ip)) < s{E{ipoj)) < max(s(F(v?)),s(F(7))). But, s{E{ip o j)) = rt{I;M/N) and 5(^(7)) = 
rt(J;A4"). Finally, since E{(p)n = (J"Af n A^)//(/"-iA4" n iV), then s{E{(p)) = s{N,M;{I}). In 
particular, s{N, M; {/}) < rt(/; M/N) < sup{rt( J; M/N) \ J G W}, and taking the supremum over 
all ideals / of W, s{N, M; W) < sup{rt( J; M/N) | J G W}. | 

Corollary 3.2 Artin-Rees Lemma. Let A be a commutative ring, I an ideal of A and N <Z M 
two A-modules. If it{I;M/N) < cjo then s{N,M;{I}) < 00. In particular, if A is noetherian and 



M is finitely generated, there exists an integer s > 1 such that, for all integers n > s, I"'M f] N = 

I'^-'irMnN). 

Corollary 3.3 O'Carroll | ]Oi[ | . Let A be a noetherian ring and let M he a finitely generated 
A-module. Then sup{rt((x); M) | x G A} < oo. In particular, if N C M, there exists an integer 
s > 1 such that, for all integers n > s and for all x ^ A, x'^M ON — x^^'^{x^M n N). 



Proof. Following very closely the proof of O'Carroll in |Oi|, let = Qi n . . . fl Qr be a minimal 
primary decomposition of in M , rM{Qi) ~ r{Qi : M) — pi ^ Spec(A), and let s > 1 be an integer 
such that, for alH = 1, . . . , r, p^M C Q^. Then, for all x G A, rt((x); A/) < s. Indeed, if a; e pi, 
^n+s g pn+s ^^j (-g^ . ^n+s-^ ^ ^^^ ^i X <^ p„ 2;"+" ^ p^'+" and {Q, : x"+'') = Q,. Therefore, for all 
n > 0, (0 : x"+") = {r\^Q^ : x"+'*) = ni(Q^ : a;"+'*) = r^^^p,Q^. In particular, (0 : x''+^) = (0 : a;") 
and rt((x); M) < s. We finish by applying Theorem 2. | 

Remark 3.4 Let A be a noetherian ring and let M be a finitely generated y4-module. Let grt*(M) = 



sup{rt(/;Af) | fi{I) < i}. By 3.3, grt^{M) < cx). Using the example of Wang |Wi| and Theorem 2, 



we know grt (Af ) might be infinite. We do not know whether grt (Af) is finite. 

4 Rings of finite global relation type have dimension one 

Remark 4.1 Let A be a commutative ring and let r > 1 denote an integer. Consider the following 
conditions: 

(a) rt(/) < r for every three-generated ideal I of A. 

(6) E{I)r+i = for every three-generated ideal / of A. 

(c) (x, y){x, y, zY : z''+^ = (x, y){x, y, zf-^ : z" for all x,y,ze A. 

(d) {x-'yY £ {x''+\y''+^){x''+\y''+^,x''yY-^ for all x, ye A. 
Then (a) ^ (b) =^ (c) => (d). 

Proof. Implication (a) => (b) follows from the definitions. Implication (b) ^ (c) holds in general: if 
/ is generated by xi, . . . ,Xd and if E{I)n = 0, then (xi, . . . ,Xd-i)/"^^ : x^ = (xi, . . . ,Xd-i)/"^^ : 



(Lemma 4.2 [P2I). Finally (d) follows from (c) taken x,y,z £ A a.s x'"+^, j/''"'"^, x''y. 



In order to prove (d) =^ dim A < I let us recall some definitions. A set of elements xi, . . . , Xm of 
an ideal J oi A are called J-independent if every form in A[ri, . . . , Tm] vanishing at xi, . . . , Xm has 
all its coefficients in J . If / = (xi, . . . , x^) and I <Z J , then xi, . . . , x™ are J-independent if and only 
if the natural graded morphism of standard (A/ J)-algebras {A/ J)[Xi, . . . , Xm] -^ Tl{I) 'E> {A/ J) is 
an isomorphism {Xi, . . . ,X,n algebraically independent over A/ J). If (A, m) is noetherian local, 
then the maximum number of m-independent elements in m is equal to dim A [|V|] . 

Proposition 4.2 Let A be a noetherian ring. If there exists an integer r > 1 such that {x^yY S 
(x''+\2/''+i)(x''+\y''+i,x''y)''-i for all x,y e A, then dim A < I. 



Proof. Since the hypothesis locahzes, we may assume {A, m, k) is a noetherian local ring. Suppose 
dim A > 2. Then there exists two m-independent elements x,y. In particular, if / = {x,y), a : 
k[X, Y] -^ Tl{I) / xnR.{I) defined by a{X) = x + vs\P, a(^) = V + ni/^ is a graded isomorphism of 
standard fc-algebras. By hypothesis {x^yY £ (2;'"+^, j/''+^)(a;''+^, y''+^,a;''i/)''~^ which is generated by 
the elements a;(«+i)('-+i)+''-yi('-+i)+',a;^(''+i)+'''y(j'+i)(''+i)+', i,j,l > 0, i + j + 1 = r -1. The fc-vector 
space isomorphism 0^(^+1) assures the membership of (X'^YY into the fc-vector space spanned by 
the elements X^'+^'>^''+'^'>+^''Y^^''+^'>+\ x*('~+i)+'''y(^'+i)(''+i)+', i,j,l>0,i+j + l = r-l. Since all 
of them are elements of a fc-basis of k[X,Y]r(r+i), then either {X^'YY = x(*+i)('~+i)+'''r^('^+i)+' or 
either {X'^YY = X*('^+i)+'''y(^+i'(''+i)+', for some i,j,; > 0, i+j + 1 = r -1. But, it is not difficult 
to see that there are not integers i, j, I > verifying any of both equations. | 



Remark 4.3 The underlying idea in the proof of Proposition [4.2| is that for any two m-independent 
elements x, y of A, do not exist r-relations Tif{Ti,T2, Ts) -|-T2.g(Ti, T2,T^) — TJ, /, g forms of degree 
r — 1, among the three ordered elements x^^^ ,y'^'^^ ^x'^y. In particular, TIT2 — Tj must be an 
effective (r + l)-relation among the three ordered elements x^^^ , y^^^, x^y (since any form of degree 
r dividing T^T2 — T^^^ should contain TJ as an additive factor). 

Remark 4.4 There exist (necessarily non noetherian) local rings with grt(A) < cxo, but dimA > 2. 



For example, a valuation ring A is Priifer, thus grt(y4.) = 1 |Cos , |Pi , but its dimension is not 
necessarily 1 or less. 

5 Artinian modules have finite global relation type 

Proposition 5.1 Let A be a commutative ring, I an ideal of A and M an A-module. If I'^ M — 
for some s > 1, then rt(/; M) < s. If vt{I) — 1 and I is finitely generated, then I ^ if and only if 
/* ^ for all s > 1. If (A.m) is artinian local, then grt(M) < 00 and grt(j4) — 1 if and only if A 
is a field. If A is an artinian ring, then grt(Af) < 00. 

Proof. If I^M = and ip : G ^ Tl{I\ A/) is a symmetric presentation of TZ{I] M), then kcr(p„ = G„ 
for all n > s. Thus, for all n > s + 1, E{I)n = Gn/ViGn-i = and rt(/; A/) < s. In order 
to prove the second assertion we may suppose that (A,m, fc) is local. If rt(/) = 1, the natural 
graded morphism of standard fc-algebras S'^(//m/) — > TZ{I)/mTZ{I) is an isomorphism. If / 7^ 0, 
then S'^(//m/) is a polynomial ring in /i(/) variables, thus P /vxP / for all s > 1 and P j^ Q 
since / is finitely generated. If (A, m) is artinian local, there exists an integer s > 1, such that 
I'^M C m*M = for every ideal / of A. Thus grt(Af ) < s. Moreover, if grt(A) — 1, then rt(m) = 1 
and m'* = 0. Hence m = and A is a field. If A is artinian, it has a finite number of maximal ideals 
and since grt(Af ) = sup{grt(A'fm) | m G Max(A)}, then grt(M) < cx). | 

Remark 5.2 The minimum integer s > 1 such that /" = 0, for a nilpotent ideal /, is not necessarily 
equal to its relation type. For example, take / — {x,y) C A — fc|X, y]/(X", y"), where x,y 
denote the classes of X,Y in A. Then /2"-i — Q, /^"-^ _^ q ^,^^ rt(/) = n. Indeed, since 
yjn-2 . ^u-\ g y^n-i . ^n ^ ^^ ^^leu E{I)n ^ and rt(/) > n. Moreover, since {0 : y) O P-^ = 
(a;P""y""i) == a;((0 : y) P-"^) for all p > n -I- 1, then E{I)p = for all p > n + 1 and rt(/) < n 



(Proposition 4.5 IP2I) 



Remark 5.3 There exist (necessarily non noetherian) local rings with dim A = 0, but grt(A) = oo. 
For example, A = k[Ti, . . . , T^, . . ■]/(2^i^, • ■ ■ , T'™+^, . . .), with k a field, is a zero dimensional local 
ring. If tm denotes the residue class of r„, (0 : i™) £ (0 : t™+i) = A and rt((t™)) = m + 1. 

6 Proof of Theorem 3 in the local case 

We first need to reduce to Cohen-Macaulay local rings and modules. 

Lemma 6.1 Let A be a noetherian ring, I an ideal of A and N <Z M two finitely generated A- 
modules such that PN = for a certain integer t > 1. Then rt(/; M) < rt(/; M/N)+t. In particular, 
if I , J are two ideals of A such that /* J = for a certain integer t > I, then rt(/) < rt((/+ J)/ J) + t. 

Proof. Let s — s{N, M; {/}) be the strong uniform number for the pair {N, M) with respect to 
the set of ideals {/}. If n > s + i, then /"M n iV = r'^^il'M n N) C F'-'^N C PN = 0. Let 
F = n{I;M/N), G = 7^(/; A/) and ^ : G -> F defined by ipn ■ Gn = /"M ^ FM/FM r\ N = 
F'M + N/N = K- We have kenpn = FM n N = ioi all n > s + t. Therefore, using Remark 
p^ and Theorem 2, rt(/;M) = rt(G) < max(rt(F),s + t) < max(rt(/; M/iV),rt(/; M/iV) + t) = 
Tt{P,M/N) + t. I 

Corollary 6.2 Let (^,m) be a noetherian local ring, M a finitely generated A-module and N C M 
a suhmodule of finite length. Then grt(A'/) < grt(Af/A^) + length(A^). 



Proof. If length(A^) = i, then I'-N C m*A^ — for every ideal / of A. Thus, by Lemma 6T 
rt(/; M) < rt(/; M/N) +t < gTt{M/N) + 1. Taking the supremum over all ideals / of A, we have 
grt(M) < gTi{M/N) + t. I 



Next lemma is a generalization to modules of a well known result for rings (see, for instance, [12]). 



Lemma 6.3 Let {A, m) he a one dimensional Cohen-Macaulay local ring. Let M be a maximal 
Cohen-Macaulay module. If I is an m-primary ideal of A, rt(/; A/) < e{A). 

Proof. Applying the tensor product — ® A [i] „,[(], we may assume that the residue field k = A/m 
is infinite. By Theorem 1.1 in g], ^(/) < e{A) = e and fi{P) < e < (''+^). By Theorem 2.3 in 
|S[, there exists yo € I such that /^ = y^P^^ . In particular, for all n > e, /" = yoP^^^ . Since 
m (^ Z(M), then j/o ^ Z{M). Consider the complex of A-modules: 

A2(/) ® F-^M ^ / ® F-'^M ^ /"M — > , 

where d2,n{{x t\y) ® z) — y®xz — x®yz and 9i,„(a;®i) — xt, x,y ^ I, z E P^^'^M and t e F'-^^M. 
By Proposition |2.6| , E{I;M)n — ker9i_„/im92,n- Let us see ker9i,„ = im92,n for all 71 > e + 1. 
Indeed, take u = J2^i '^ Uo^i S ker9i,„, Xi E I, Zi e F^'^M. Then — di.n{u) = yo^XiZi 
and, since yo ^ Z{M), ^XiZi ~ 0. Therefore, if w = J2iyo A x^) ® z^ E A2(/) ® F^'^M, then 
d2,n{v) — ^Xi® yoZi — J2yo® XiZi — u. So E{I; Af )„ = for all n > e + 1 and rt(/; M) < e{A). | 

Notations 6.4 Let (A, m) be a one dimensional noetherian local ring. Denote by qi,...,qs the 
minimal primary components of (0). If A is Cohen-Macaulay, (0) = qi n . . . fl q^ is a minimal 
primary decomposition of (0). If A is not Cohen-Macaulay, there exist an m-primary ideal qs+i such 
that (0) = qi n . . . nqs nqs+i is a minimal primary decomposition of (0). Let n > 1 be the minimum 
integer such that n(v4)" = 0. Let n^ > 1 be the minimum integer such that p"' C qi, pi — r{qi), 
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i = I, . . . , s. For each 1 < ii < . . . < z; < s, denote iii,....i, = niax{ni \ i ^ ii, . . . ,ii} and e(A) the 
muhiphcity of A. FinaUy, set brt(j4) = max{n, e{A/{qi-^ n. . .nqi, ))+iij....^i, | 1 < ii < ... < ii < s}, 
which is finite. 

Proposition 6.5 Let {A, m) be a one dimensional noetherian local ring and J = Hjj^(A). Let M be a 
one dimensional finitely generated A-module and N = H5]^(M). Then grt{A) < brt(A/ J) + length(J) 
and grt(M) < brt(A/J) + length(A^). If A and M are Cohen-Macaulay, grt(M) < brt(A). 



Proof. Since length(7V) = i < oo, by Corollary 5.2, grt(Af) < grt(A//7V) + t. Since JM C N, 



then J C Ann^(M/A^) and grt^(A//A^) — grt^/j(Af/A^). We thus may assume A is a one 
dimensional Cohen-Macaulay ring and Af is a maximal Cohen-Macaulay module. Let us prove 



grt(A/) < brt(A). f f / C n{A), /" C n(A)" = and rt(/; M) < n (Proposition 5.1). If / ^ m{A), let 



1 < ii < . . . < i; < s be all the subindexes ij such that / (^ pi. . Set Jii,...,ii = qij fl . . . n q^, . Then 



■.*! 



/*'! '' J»i....,j, C qi n...nqs = and, by Lemma |6.l|, rt(/;M) < rt(/; M/J^^, ...,,, Af) + t^, 

yi[[I + Ji^,...,ii)/Ji^....,ii\M/Ji^„,,^i^M)+ti^„,,^i^. But, {I + Ji^,...Si)/Jit,...,ii is an m/Jii,...,i, -primary 
ideal of the one dimensional Cohen-Macaulay local ring A/Ji-^^,,,,i^ and M/Ji-^^,,,^i^M is a maxi- 
mal Cohen-Macaulay module. Therefore, by Lemma |6?3| , rt((/ -1- Ji^....^ii)/ Ji^^...^ii;M/ Ji^i^M) < 

Example 6.6 Let (A, tn) be a one dimensional noetherian local ring. If A is reduced, then grt(A) < 
e{A) + 1. If A is a domain, then grt(A) < e{A). 

Proof. Since A is Cohen-Macaulay, by Proposition |6.5| , grt(j4) < brt(A). Following the notations in 
p^ , ii A is reduced, n = ni = . . . = n^ = 1, ti^^,,,,i^ — 1 for all [ii, . . . ,i;) ^ (1, . . . , s) and <i,....s = 0. 
Since e{A/ J) < e{A), then brt(A) < e{A) + 1. If A is a domain, then n = 1, ni = 1, ti — Q and 
brt(A) = e{A). | 

Example 6.7 Let A: be a field and g > 1 an integer. Set R = A:[t9+\ ts+2, . . . , t^s+i] c k[t] (t 
a variable over fc), n = (t^+^, ts+^, . . . , i^^+^), A = Rn and m = nRn- Then {A,m,k) is a one 
dimensional notherian local domain and grt(A) = e{A) = g + I. 

Proof By Example |6j, grt(yl) < e{A). For aU n > 1, m" = {t^3+i)n^ _^ ^{g+i)n+g-^^ ^^n^ =5 + 1 
and e{A) = g + 1. For n > 2, take / = {t3+'^,t3+^) and J =g,n-i= t^+^I'^^^ : t(9+2)("-i). Remark 



that Jg.„-i C Jgn and that E{I)n = if and only if Jg,n-i = Jg.n (Proposition 4.5 IP2I). If g = 1, 
then / = m, E{I)2 7^ and 2 < rt(/) < e{A) = 2. Suppose g > 2. Then Jgs = i^+^ : i^+^ = m. 
Moreover, t'-s+'^'^a ^ t^+^ia^^ and m C Jg^g g A. Moreover Jg^g+i = A. Thus, ^(/)„ = for all 
2 <n<g and E{I)g+i ^ 0. Hence g -I- 1 < rt(/) < e{A) = ,g + 1, rt(/) = .g + 1 and grt(A) = .g + 1. 
ij^n-i £qj. g^jj n > 2. So the reduction number of m is rn(m) = 1 and 



1 < rt(m) < rn(m) + 1 = 2 [Ts] while grt(A) = .g + 1 



Example 6.8 Let fc be a field, a > 1 a positive integer and A — fc|X, F]/(X"F). Then A is a one 
dimensional complete intersection local ring with grt(A) = brt(A) = a + 1. 



Proof. By Proposition 3.5, grt(A) < brt(^). Let x^y denote the residue classes of X, F and let 
m = (xjj/) be the maximal ideal of A. Since /.t(m") = a + 1 for all n > a, the multiplicity of A is 
e(^) = a+1. The minimal primary decomposition of A is (0) = qinq2, qi = (2^"), 12 = (z/)- Following 
the notations in |6.4| , pi = (x), p2 = (y), n(j4) = ixy), n = ni — a, n2 — I, ti ^ n2 ^ 1, ^2 = ni — a, 
ii,2 = 0. Moreover, A/q^ = k[X,Yl/{X'') and e{A/qi) = a; A/q2 = k[X] and e(A/q2) = 1. 
Therefore, brt(74) = a + 1. On the other hand, a;((0 : y) n m""^) = (a;"+^) £ {x") = (0 : y) n m". 



Thus E{m)a+i ^ and rt(m) > a + 1 (Proposition 4.5 [^ ). 
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7 Final proofs 

Lemma 7.1 Let {A,m) be a one dimensional Cohen-Macaulay local ring with a unique minimal 
prime p and let 71 > 1 be such that p" = 0. If M is a maximal Cohen-Macaulay ^-module, then 
grt(M) < m.ax{n,e{A)} = brt(A). Moreover, if A/p is a discrete valuation ring, then grt(M) < 
max{n,X;rJoV(p')}- 

Proof. By Proposition U, grt(M) < brt(A). If / C p, then /" C p" = and rt(J; M) < n. HI (^P, 
then / is an m-primary ideal of a one dimensional Cohen-Macaulay local ring. Hence, by Lemma 
pyij , rt(/; M) < e{A). Remark that brt(A) = max{n, e{A)}. If moreover, A/p is a discrete valuation 
ring, there exists u E A such that tn = uA + p. Thus, for r > n, m^ — J2'i=o '"'^ 'P* aiid for r :^> 1, 

Example 7.2 Let fc be a field, a, 6 > 1 two positive integers and A^kfX, Yj/iX", X'^Y). Then A 
is a one dimensional noetherian local ring with grt(yl) = a. Moreover, if a < &, then J = H5^(A) = 
and brt(yl) ^ a. If a > 6, then J = H'iiA) ^ and brt(A/ J) + length(J) = a + b. 

Proof. Let x, y denote the residue classes of X, Y and let m = {x, y) be the maximal ideal of A. Re- 
mark that rt((a;)) = a < grt(yl). li a <b, A = k\X ^YJ / {X°') is a one dimensional Cohen-Macaulay 
ring with the unique minimal prime {x). By Lemma [7. l| , a < grt(A) < brt(A) — max{a, e{A)} = a. If 
a>b, then I^x"-^) C (x, y){x''-^) C (x°, x^y) = 0. By Lemma|3|, rt(/) < rt((/-h(a:"-i))/(x"-i))-h 
1 < grt(A/(a;°-i)) + 1. But, A/(a;"-i) = k[X,Yl/{X''-'^,X''Y). Repeating the same argument, we 
get a < grt{A) < grt(^/(a;°"(°-^))) + {a - b) = grt(fc|X, Y]/{X'')) + {a - b) ^ b + {a - b) ^ a. On 
the other hand, ,/ = U^iA) = (0 : m"-'') = {x'') and lenght(J) = a - b. A/ J = kfX, Yj/{X'') and, 
as before, hit{A/J) = b. Thus, brt(yl/ J) + length( J) ^a + b. | 

Theorem 3 Let A be an excellent (in fact J ~ 2) ring. The following conditions are equivalent: 

(z) grt(Af ) < cxD for all finitely generated A-module M . 

(ii) grt(A) < 00. 

(Hi) There exists an r > 1 such that rt(/) < r for every three-generated ideal I of A. 
(iv) There exists an r > 1 such that {x'^yY £ {x"^^^ ,y^^^){x'^^^ ^y^^^^ ,x'^yY^^ for all x,y € A. 

{v) dim A < 1. 



Proof. Implications (i) =^ (ii) and (ii) => (Hi) are obvious, (Hi) => (iv) is Remark LI and (iv) =^ (v) 



is Proposition 4.2. Let us prove (v) => (i). Let A be an excellent ring of dim^ < 1 and let M be a 
finitely generated A-module. If dimAf = 0, then, by Proposition 5J, grt(M) — grt^/^jj„^(^,^)(M) < 



00. Therefore, we may assume dimA = 1 and dim A/ = 1. Let Min(A) = {pi,...,p,.} be the 
set of minimal primes of A and let Ass(A) — Mm(A) U {nxi, . . . , rris}, rrii G Ma.x{A), be the set of 



associated primes of A. Since Ass(yl) is finite, by Propositions 5J and |6.5| , a — max{grt(Mp) | 
p G Ass(A)} < 00. Analogously, a' — max{grt(Mp) | p G Ass(Af)} < 00. If r > 2, and for each 
1 < ii < . . . < ii < r with I > 2, consider rii,...,i, = V{pi^ + . . . + p,j,) and F = Ul<i^<:„,<:i^<rTi^,,,,^i^. 
If r = 1, take F = 0. In any case, F is a closed finite subset of Spec(A). By Proposition |6.5| , 
7 = max{grt(Afm) | m £ F} < 00. Let S = Sing(A/pi) U . . . U Sing(A/p^), Smg{A/pi) = {m G 
Ma.x{A) I m D pi and Am/piAm is not regular }. By hypothesis, Sing(A/pi) is a closed subset of 
Spec(A). In particular, Sing(A/pi) and S are finite. Again by Proposition |6.5|, a — max{grt(Afn,) | 
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m e S} < oo. Now, take m e Max(A), m ^ Ass(yl) U Ass(M) U T U S. Thus, Am is a one 
dimensional Cohen-Macaulay local ring. Mm is a maximal Cohen-Macaulay Am-module, m contains 
exactly one minimal prime p G Min(A), m D p, and Am/pAm is a discrete valuation ring. Since 
A is noetherian, there exists an integer n > 1 such that n(A)" = 0. Thus p"j4m = 0. By Lemma 
0, grt(M„) < max{n, Er^o' A^(P*^m)} < max{n, Er=o' A*(P*)}- If A^ = E"=o A^(P')' then grt(M) = 
sup{grt(Afp) I p £ Spec(A)} < max{n, /^, a, a', 7, cr} < 00. | 

Remark 7.3 There exists (necessarily non J — 2) noetherian rings with dim^ < 1, but grt(A) = 
00. For example, take k a field and R = fc[t^, tf , tf , t|, i^, . . . , t9+\ t9+2, . . . , f^s+i^ . . .]. The ideals 
pg = (ig+^, ig+^, . . . , tg^"*"^) are prime of height 1. Let S be the multiplicative closed set S = R — Upg 
and A = S~^R. Let trig = ^"^pg. Since all prime ideals of i? contained in Upg are contained in some 



pg, then ^ is a one dimensional noetherian domain with maximal ideals Trig |SV|. By Example 6.7 



grt(AmJ = g +1. Thus grt(A) = 00. Remark Sing(y4) = Spec(A) - {(0)}, so A is not J - 2. 

Theorem 1 Let A be an excellent (in fact J — 2) ring and let N C M be two finitely generated 
A-modules such that dim(Af/A^) < 1. Then there exists an integer s > 1 such that, for all integers 
n > s and for all ideals I of A, 

ru nN = /"-"(/"M n n) . 

Proof Since grt^(M/7V) = grt^/ j(M/7V) for J = AiinA{M/N), we can suppose that A is an 
excellent ring of dimyl < 1. Thus, by Theorems 2 and 3, s{N, M) < grt(M/A^) < cx3. | 
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